This paper compares the expressive power of rst-order monadic logic of order, a fundamental formalism in mathematical logic and the theory of computation, with that of two formalisms for the speci cation of real-time systems, the propositional versions of duration and mean value calculi.
Introduction
The Duration Calculus 24] is a formalism for the speci cation of real time systems. DC is based on interval logic 12, 5] and uses real numbers to model time. DC was successfully applied in case studies of software embedded systems, e.g., a gas burner 19], a railway crossing 20] and was used to de ne the real time semantics of other languages.
A run of a real time system is represented by a function from non-negative reals into a set of values -the instantaneous states of a system. Such a function will be called a signal. Usually, there is a further restriction on the behavior of continuous time systems. For example, a function that assigns value q 0 to the rationals and value q 1 to the irrationals is not accepted as a`legal' signal. A requirement that is often imposed in the literature is that in every nite length time interval a system can change its state only nitely many times. This requirement is called non-Zeno (or nite variability) requirement. Expressive completeness is a very important topic in Mathematics, Logics and Computer Science. One of the rst theorems that students learn in logic is that negation and conjunction is a complete set of propositional connectives. A classical example for expressive completeness from Computer Science is: a language is accepted by a nite automaton if it is de nable by a regular expression.
The examples which are closer to the topics we investigate in this paper are: (1) Kamp's theorem 7] that states that propositional temporal logic has the same expressive power as monadic rst order logic over the Dedekind closed linear orders (see also 3,2]). (2) McNaughton's theorem which states that a language is de nable by a star free regular expression if and only if it is de nable by a monadic formula interpreted over the set of all nite linear orders 10].
In this paper I investigate the expressive power of the Propositional Duration Calculus and of the Propositional Mean Value Calculus. In these fragments the metric aspects of the calculi are ignored. I show Theorem (Expressive completeness) (i) First-order monadic logic of order vs PMVC:
(a) Every PMVC formula is equivalent to a monadic sentence. (b) Every monadic sentence is equivalent to a PMVC formula. (ii) First-order monadic logic of order vs PDC:
(a) Every PDC formula is equivalent to a monadic sentence which respects f in equivalence. (b) Every monadic sentence which respects f in equivalence is equivalent to a PDC formula. I will show that there exists an exponential gap between the succinctness 2 of monadic logic and that of duration and mean value calculi:
Theorem (Succinctness) There are monadic sentences n of length O(log n) such that n is not equivalent to any PDC (PMVC) formula of length less than n. The property speci ed by n is very natural; n is satis ed by a signal if \the signal changes exactly n times".
The duration (metrical) aspects of the Mean Value Calculus and the Duration Calculus are not considered in this paper. These aspects are very important in applications. I tried to understand the logical foundation of these formalisms. The practical applications may require incursions into Calculus (e.g., into di erential equations) which have little (if anything) in common with existing well understood tools of Logic and computational model theory. However, the duration free aspects of the Duration Calculus play a very important role in applications. In fact, the majority of the laws and the transformation rules in 18] deal with logical (non-metric) aspects of the duration calculus. Also in 25], nine out of ten axioms for the Mean Value Calculus are duration free (non-metrical).
The rest of the paper is organized as follows. In section 2 de nitions are provided and notations and terminology are explained. In section 3 the syntax and the semantics of monadic logic are recalled. In section 4 the syntax and the semantics of duration calculus and of mean-value calculus are provided. Section 5 gives the expressive completeness theorem. Section 6 explains the connection between PDC and star free regular expressions. In section 7 the succinctness results are presented. The de nition of the semantics given here for PMVC and PDC di ers from that in 6,25]; these di erences are not essential for PDC, yet are essential for PMVC. In section 8 the di erences are explained and their impact on our main results are discussed. Section 9 states the conclusion and some further results.
The proofs are omitted and will be given in the full version of the paper. a 0 = 0 < a 1 < a 2 : : : < a n < : : : such that A is constant on every interval (a i ; a i+1 ).
In the literature the non-Zeno signals are sometimes called nite variability (or piecewise continuous) trajectories.
A function B from a subinterval I of R 0 is said to be a non-Zeno -signal over I if B is the restriction on I of a non-Zeno -signal A. Hence, B is non-Zeno if it changes its value only a nite number of times in every nite length subinterval of I. In the sequel we will often use the word`signal' for non-Zeno signal'. 
Monadic First Order Logic of Order
First-order monadic logic of order is a fundamental formalism in mathematical logic and the theory of computation. We use X 1 ; : : :; X n for monadic predicate symbols and t; u; v for rst order variables. We denote by FOL(X 1 ; : : :; X n ; <) the language of the monadic theory of order with monadic (one-place) predicate symbols X 1 ; : : : ; X n . The atomic formulas of this language are formulas of the form X i (t) and t < u. The formulas are constructed from the atomic formulas by propositional connectives and the rst order quanti ers. The notion of free and bound variables is de ned as usual; a sentence is a formula without free variables; the quanti er depth of a formula is also de ned in the standard way (see e.g. 11]).
A structure for FOL(X 1 ; X 2 ; : : : ; X n ; <) is K = hI; A 1 ; : : :; A n ; < I i, where I is a set partially ordered by < I and A i are subsets of I.
The satis ability of a formula in a structure K = hI; A 1 ; : : :; A n ; < I i, is de ned in the standard way by interpreting X i by A i , and < by < I .
In this paper we will consider only substructures of the non-negative reals, i.e., I will be a subinterval of R 0 and < I will be the restriction on I of the standard order on the reals. We will write A 1 ; : : :; A n ; I j = to indicate that a sentence holds in the structure hI; A 1 ; : : :; A n ; < I i.
We say that a structure hI; A 1 ; : : :; A n ; < I i is non-Zeno (or piecewise constant) if the characteristic functions of the sets A i are non-Zeno signals over I.
Duration Calculus and Mean Value Calculus
The propositional duration calculus (PDC) (called the restricted duration calculus in 23, 6] ) is a fragment of the duration calculus where metric properties are ignored. The propositional mean value calculus 25] is a fragment of the mean value calculus where metric properties are ignored.
In this section the syntax and the semantics of PDC and PMVC are presented. The semantics di er from the semantics given in 6,25] and we will explain the di erences and their impact on our results in Section 8.
Syntax
The sets of formulas of PDC and of PMVC are parameterized by a set X 1 ; : : : ; X n of state variables that`correspond' to the monadic predicates of rst order logic.
PDC The formulas of PMVC and the formulas of PDC are generated in the same way from the atomic formulas. 
Semantics of PMVC
Let K = hI; A 1 ; : : :; A n ; <i be a non-Zeno structure where I is a subinterval of R 0 and < is the standard order relation on the reals.
The meaning (in K) of state expressions and formulas is provided below. The meaning for disjunctions and negation is de ned as usual. 
Expressive Completeness
De nition 5.1 A formula 1 is equivalent to a formula 2 over a set of structures CL, if K j = 1 () K j = 2 for every structure K 2 CL.
We say that 1 is equivalent to 2 if 1 is equivalent to 2 over the set of non-Zeno signal structures.
The next theorem is obtained by a direct reformulation of the semantical clauses for PDC and PMVC.
Theorem 5.2 (Embedding of PDC and PMVC into FOL)
(i) Every PMVC formula is equivalent to a monadic rst-order sentence.
(ii) Every PDC formula is equivalent to a monadic rst-order sentence that respects f in equivalence. Our main theorem is 
Star Free Expressions and PDC
In this section the relationship between PDC and star free regular expressions is provided. In the rst subsection a representation of signals by stuttering free strings is given. In the second subsection the stuttering free interpretation for star free regular expressions is de ned and in the third subsection the equivalence between PDC and star free expressions is established.
Traces of Signals
De nition 6.1 -signal A over an interval a; b) is right continuous if there are a 0 = a < a 1 < : : : < a n = b such that A is constant in a i ; a i+1 ) for i < n and A(a i ) 6 = A(a i+1 ) for i < n ? 1 
Stuttering Free Interpretation of Star Free Expressions
The star free regular expressions over an alphabet are de ned by the following grammar: E ::= l j E + E j E; E j :E, where l ranges over . The standard semantics assigns to a star free expression a string language over . In the standard semantics sum (+) is interpreted as union, sequential composition (;) is interpreted as concatenation and negation (:) is interpreted as the complementation relative to the set of all nite strings (excluding the empty string ). Recall that McNaughton and Papert proved that a language is denable by a star free regular expression if it is de nable by monadic formula interpreted over the set of all nite linear orders 10].
Let us consider stuttering free (see De nition 6. 
Equivalence between Star Free Expressions and PDC
The concatenation depth of star free expressions is de ned as follows: cd(l) = 0; cd(:E) = cd(E); cd(E 1 + E 2 ) = max(cd(E 1 ); cd(E 2 )), and cd(E 1 ; E 2 ) = cd(E 1 ) + cd(E 2 ) + 1. The chops depth of PDC formulas is de ned similarly. Remark The trace of a right continuous signal over interval a; 1) is de ned similarly to De nition 6.4; it is a nite stuttering free string or a stuttering free !-string. In the full version of the paper the extension of Theorem 6.5 to in nite length intervals is provided.
Succinctness
The next theorem demonstrates that there exists at least an exponential gap between the succinctness of PDC (PMVC) and that of monadic rst order logic.
Theorem 7.1 (Succinctness) There are rst order monadic sentences n , n 2 N such that n respects f in , the length of n is O(log n), however, if a PDC (PMVC) formula D is equivalent to n then the chop depth of D is at least n ? 1.
Below we sketch the proof only for the propositional duration calculus.
Let C n be the set of non-Zeno structures h a; b); A;<i where a; b 2 R 0 and trace(A) is (01) n (see De nition 6.4). Notice that the property de ned by C n is natural: \A right continuous signal over an interval a; b) is in C n if it changes its value n times from 0 to 1 in the interval and it is 0 in the beginning of the interval and 1 at its end".
The succinctness theorem is the consequence of the observation that C n and C n+1 are disjoint and of the following two propositions: Proposition 7.2 For every n there is a rst order monadic formula n of length O(log n) such that A; a; b) j = n if and only if h a; b); A;< i 2 C n . Proposition 7.3 Let D be a duration calculus formula of chop depth less than n. If there exists K 2 C n such that K j = D, then there exists K 0 2 C n+1 such that K 0 j = D.
Comparison with the O cial Semantics
In this section a detailed comparison between our versions of PMVC and PDC semantics and the o cial semantics (see 25, 6] ) for PMVC and PDC is provided, and the impact of these di erences on our results is discussed.
Below j = 1 is used for the satisfaction relations of the PMVC and the PDC versions of 25, 6] . 10
First, let us point to the following di erences in the semantical 
Conclusion
In this paper the Propositional Mean Value Calculus was compared to monadic rst order logic of order -a very fundamental formalism. Our main result shows that there exist meaning (semantics) preserving translations between PMVC formulas and monadic rst order logic. This result con rms that PMVC is not an ad hoc formalism.
Our main result deals with de nability in di erent formalisms. This is completely orthogonal to the decidability issues. In order to conclude that there exists a decision procedure for the equivalence between PMVC(PDC) expressions (or for the satis ability problem) one can appeal to the decidability of monadic logic over the reals 1] and to (an e ective version of) Theorem 5.2. The satis ability problem for PDC can be also reduced, by Theorem 6.5, to the emptiness problem for star free expressions. However, there is a much simpler way to show decidability of PMVC, PDC and of many other much stronger formalisms (see 14, 15] ).
Our results hold not only for the reals, however, we still do not have a characterization of linear orders for which PMVC is expressively equivalent to rst-order monadic logic (see 16] for generalizations).
It is instructive to compare our completeness result with Kamp's theorem 7,3,2] which states that every monadic formula (X 1 ; : : : X n ; t) with one free variable t is equivalent to a propositional temporal logic formula D(X 1 ; : : : X n ). Our theorem states that every monadic sentence (formula without free variables) is equivalent to a PMVC formula.
We demonstrated that there exists an exponential gap between the succinctness of PDC (PMVC) and that of monadic logic. The space complexity of the validity problem for all these formalisms has a non-elementary lower bound 22, 17] . We believe that the succinctness gap between monadic logic and PDC (PMVC) is much higher than exponential. Probably, the techniques from 9,22] can be used to show that there exists a non-elementary gap in the succinctness.
The de nitions of the semantics for PMVC and PDC suggested in this paper di er from those in the o cial versions 6, 25] . The main di erence is in the de nition of chop. These di erences are not essential for PDC because PDC formulas respect f in equivalence. Hence, the expressive completeness theorem holds for the o cial version of PDC. The di erence in the de nition of chop is essential for PMVC. We have not checked yet whether the o cial version of PMVC 25] is expressively complete. We are not aware of any good reason why a more natural semantics for chop suggested here is not used in the MVC o cial version 25].
12
